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ABSTRACT 
The viscous and thermal boundary layer attenuation, and the acoustic streaming that ac-
companies the lowest acoustic mode propagating down a l~ng, wide circular tube are 
calculated asymptotically. By fully including the effects of compressibility and heat 
conduction corrections are made to earlier work. The leading order acoustic wave solu-
tion is analyzed using matched asymptotic expansions. The matching gives the disper-
sion relation and from this model propagation equations are proposed. These results 
agree with earlier ones ·derived quite differently. The acoustic streaming driven by the 
Reynolds stress in the boundary layer is next analyzed. The streaming velocities are cal~ 
·culated and the corrections, caused by including the effects of compressibility and heat 
conduction, to earlier expressions are expressed in terms of the Prandtl number and the 
specific heat ratio. Further, a second order time-independent temperature field caused 





When the lowest acoustic mode propagates down along, wide circular tube with smooth, rig-
id walls it experiences dispersion and attenuation caused by viscous and thermal effects arising in 
the acoustic boundary layer at the wall. The adjective long implies that we are not considering re-
flection, while wide implies that the acoustic boundary layer is thin with respect to the radius of 
the tube. However, to ensure that only the lowest mode propagates and that it approximates a plane 
wave, the tube radius is small with respect to the wavelength. Moreover, the almost plane wave 
fills the tube causing acoustic streaming to be induced by the Reynolds stress within the viscous · 
boundary layer. As we indicate below, both aspects of this problem have been extensively studied. 
We are re-examining the problem for two reasons. 
Firstly, Nyborg1, in an extensive review of the subject of acoustic streaming, makes two as-
sumptions that we questioned. When studying boundary layer streaming he takes as his leading or-
der solutions those satisfying a set of equations more appropriate to propagation outside a bound-
ary layer. In particular he assumes that within the boundary layer the leading order acoustic pres-
sure is a function of only the leading order density perturbation. By contrast, we take the leading 
order acoustic pressure to be a linear function of the leading order density and temperature pertur-
bations. We have constructed, to leading and second order, equations both inside and outside the 
boundary layer that include the effects of compressibility and heat conduction. 
Secondly, we undertook the present analysis because an earlier study by Qi2 of acoustic 
streaming near a rigid plane boundary was not entirely satisfactory. There we assumed that near 
the edge of the boundary layer, in the outer region, streaming was already established. However, 
because the domain was semi-infinite, the streaming will diffuse continuously outward into the in-
terior of the fluid without reaching a steady state. Here we consider a long cylindrical domain in 
which steady state streaming motion has been reached. Central to our analysis is the recognition 
that the steady state wavefield in the core of the tube is analogous to that of a similar water wave 
problem solved by Johnson3. An unexpected, but satisfying, outcome of our analysis is a derivation 
of the dispersion relation for a plane wave propagating in a wide tube and experiencing attenuation 
from viscous and thermal effects at the wall. From this dispersion relation we are able to suggest 
model propagation equations. 
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The effects of compressibility and heat conduction upon acoustic streaming are exhibited by 
J.l.Oting the dependence.of the streaming velocities on the Prandtl number and the specific .. heat ratio 
-of the fluid. Further, a second order time-independent temperature field is calculated showing the 
mean temperature variation due to the passage of the acoustic wave. While we anticipate that our 
·analysis of this problem will increase our understanding, the corrections that we calculate are small 
and do not invalidate earlier work, at least for common liquids near ambient temperatures and pres-
sures. 
Lighthill4 describes acoustic streaming in a tube, but takes the leading order particle velocity 
in the interior of the tube to be ·a propagating or standing plane wave with only .an axial particle 
velocity. As our analysis will show, this may not be appropriate. In particular Lighthill's analysis 
. does not lead to the dispersion relation. Further, the effects of heat conduction are not included. 
Although he is able to make accurate assessments of the attenuation caused by viscosity at the 
walls, the dependence of the axial wavenumber upon frequency is missed. 
Rott5 includes the effects of heat conduction in his study of streaming in a circular tube, but 
makes the same assumptions as does Lighthill4 about the leading order wavefield in the tube's in-
terior. More interestingly, Rott5, considering a standing wave, assumes that the viscosity and ther-
mal conductivity are proportional to Tl3, where Tis the temperature. This leads to the result that, 
for a standing wave, the streaming particle velocity at the edge of the boundary layer is increased 
by terms containing the Prandtl number and the ratio of specific heats, but decreased by the multi-
plicative factor (1-~). If~ is set to zero, Rott' s result agrees with the standing wave result Eq.(B3) 
of Qi2. Because we are primarily interested in liquids, we assume that the various material proper-
ties, such as viscosity and thermal conductivity, are independent of temperature. Lastly Rott5 con-
siders the effect of a temperature gradient on the streaming;which we do not do. 
A recent work on acoustic streaming in a tube is that by. Thompson6 who considers a two-
. dimensional, rectangular tube of variable cross-sectio~. His treatment does not directly address the 
questions raised here. 
As indicated previously, by matching the leading order radial particle velocities we derive the 
dispersion relation satisfied by a (near) plane wave propagating in a wide tube. This problem has 
been studied before, by Weston7 andTijdeman8 among others. Pierce9 provides a summary of the 
relevant work. This previous work is based upon constructing the wavefield from the acoustic, vor-
ticity and entropy modes and enforcing a no.:.slip and a temperature (the temperature is usually set 
to the constant ambient temperature) boundary condition. An exception to this is the work of 
Anderson and Vaidya 10• They applied the method of multiple scales to calculate the attenuation 
caused by the viscous and thermal boundary layer effects in a rectangular tube. Though in a general 
sense matching is similar to enforcing a boundary condition, our calculation of the dispersion re-
lation captures the essential role played by the acoustic boundary layer, while also providing a con-
firmation of the accuracy of our construction of the interior acoustic wavefield. 
I. FORMULATION· 
Assume that the fluid is Newtonian and has constant material properties. The following are 





p = p (p, 1). (5) 
The body force is neglected. The terms ui,p', T, p, C5ik are the dimensionless particle velocity, 
acoustic pressure, temperature, density and stress tensor, respectively. Equation (5) is the general 
dimensionless equation of state. The dimensionless parameters are 
uo 








where Mis the Mach number, Re is the Reynolds number, Pr is the Prandtl number and Ec is the 
Eckart number. The terms Do, p0, To are the characteristic values of the particle velocity, density 
and temperature, respectively. The dimensionless acoustic pressure p' = Pl (p0c0u0), where P 
is the dimensional acoustic pressure. The dimensionless coordinates x k = ( &x k) I c0 and dimen-
sionless time t = &t, where xk and tare the dimensioned coordinates and time. The kinematic 
viscosity, thermal conductivity, coefficient of thermal expansion, sound speed and specific heat at 
constant pressure are given by v, K, ~. co and Cp, respectively. The parameter Q is related to M 
2A A 2 A A 2 
by Q = [ (c0P) /Cpl Mand we assume Q s;; M. The Eckart number Ec = M (y- 1) I (PTo) 
and is assumed less than or equal to 0 (M2). The following thermodynamic identity9 
(7) 
has been used in deriving above relations. Lastly, note that we have ignored the effect of the bulk 
viscosity. 
The asymptotic analyses are based on the assumption that 
M « 0(1) and Re» 0(1). (8) 
The small Mach number limit ensures that the acoustic wave dominates in the core region and the 
large Reynold number limit leads to a thin viscous (Stokes) boundary layer near the rigid wall of 
the tube, i.e., the acoustic boundary layer. To ensure the consistency of the asymptotic expansions, 
we require that the Reynolds number associated with the streaming velocity be such that 
Res= MRe = u~I (v&) « 0 (1). (9) 
This corresponds to slow acoustic streaming11 . The present scaling allows a clear identification of 
the two Reynolds numbers and better captures the physical processes. 
We show, by way of an example, the applicable range of this work. Take (appropriate for 
water), 
& = 33, 000 Hz, v = 10-6 m2ls, c0 = 1500 mis. 
Using Eqs. (1) and (2), we find that to ensure Re» 0 (1) » Res, the following inequalities must 
hold: 0.18 ml s » u0 » 2.2 x 10-5 ml s. In terms of sound intensity 1, this requires that, 
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1.35 x 105 Wlm2 » I» 1.65 x 10-4 Wlm2 , 
which is appropriate for a wide range of practical acoustic waves. 
II. ASYMPTOTIC EQUATIONS 
Consider a circular tube whose axial coordinate is x and whose radial coordinate is r. The 
problem is axisymmetric so that no angular coordinate is required. The corresponding velocity 
components are· ux and ur, respectively. The tube wall is located by r = b = ( 6Vco) R where R 
is the dimensional radius of the cylinder. 
A. The core 
The acoustic variables are expanded as follows. 
p = 1 +Mpt) +M2 (Pio)+ p(v)) + .. . 
p' = Pci0 ) + M (plo) + µ {M, Re) p (v)) + .. . 
T= 1 +MT~o) +M2 (Ti°) +T(v)) + ... ' 
(10) 
(o) (o) (v) 
ui = uw + M ( uil + ui ) + ... 
(o) (o) (o) (o) (o) (o) 2 
where uiK = ( urK , uxK ) , p K , p K and T 1 , K = 1, , are the first and second-order wave-
field components and the superscript o denotes the outer or core solution. The function µ ( M, Re) 
is an unknown gauge function dependent on both M~ch number and Reynolds number. It measures 
the magnitude of the pressure gradient associated with the streaming and is to be determined from 
the balance with viscous stress in the core (Eq. (19)). The wavefield components of the core solu-
tion are unaffected by the viscous boundary layer at the tube wall and they satisfy the inviscid equa-
. b . db a1c· R -l O Th (v) (v) T(v) (v) . d ed b th · tions o tame yt mg e = . e components ui ,p , , p are m uc y e vis-
cosity and need to be added to the inviscid wavefield so that the outer solution can match the 
boundary layer solution and also satisfy global mass conservation. 
Substituting Eq. (10) into Eqs. (1) to (4) leads to the leading order equation 
(11) 
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where the leading order thermodynamic relation Pri0 > = pf0 > is obtained from expanding an al-
ternate form of Eq. (5), namely, p = p (p, s), assuming isentropic flow (s=constant). Once the 
pressure distribution is known, the leading order velocity and temperature can be found from 
9...u (o) + d_D (o) - 0 at xO dX O - '. 9...u (o) + a_p (o) = 0 at r0 ar O ' 
a r<o> _ Q a_P (o) 
at 1 - Meir o · 
The inviscid pressure at second order is required to satisfy 
a2P <o> _ LQ_[r a.,..v <o>]- a2P <o> = .!!_ a2 [p <o> 12 _ !_Q_[r <P <o> a_v <o> >] al 1 rar ar l ax2 ;1 2Aat2 1 rar 1 ifr O 
(12) 
(13) 
+ !_Q_[r (u (o) _Q_u (o) + u (o) _Q_u (o))] + _Q_[u (o) _Q_u (o) + u (o) _Q_u (o)] , (14) rar rO ar rO XO ax rO ax rO ar xO XO ax xO 
_ _Q_[P <o> a_v <o>] _ !_Q_[r9...(p <o> u (o>)] _ _Q_[9...(p <o> u <o>)] 
dX l ax O rar at l rO ax at l xO 
where the s~cond order thermodynamic relation can be obtained from expanding the equation of 
state for isentropic flow, 
(15) 
has been used. The corresponding particle velocity can be found from 
a (o) = -[ a_p (o) - p (o) a_p (o) + (u (o) _Q_u (o) + u (o) _Q_u (o))] alrl ar 1 1 ar O rO ar rO XO ax rO , (16) 
a (o) = -[ a_p (o) - p (o) a_p (o) + (u (o) _Q_u (o) + u (o) _Q_u (o))] alxl ax 1 1 ax O rO ar xO XO ax xO • (17) 
Similarly, the second order inviscid temperature perturbation satisfies, 
. _g__T(o) _ Q a_P (o) = _ u (o) _Q__T(o) _ Q [P (o) a_JJ (o) _ u (o) _Q__p (o)] + r<o> Q a_v (o) (lS) 
dt 2 Mar l kO dXk l M l ar O kO axk O l Mar O • 
We are only interested in the time-independent viscous components. The corresponding equations 










where the over bar denotes time average. An appropriate choice for the gauge function is apparent-
ly µ = MRe -l. Note that after time average, only the M2 Re-1p (v) is present in the expansion of 
pressure that corresponds to the streaming flows in the core region. Equations (19) and (21) are 
respectively a Stokes and a Laplace equation for the acoustic streaming velocities and the mean 
temperature distribution in the core region. These equations differ in the ways indicated earlier 
from those of Nyborg1, Lighthill4 and Rott5 by allowing a radial particle velocity and by including 
the effects of heat conduction and density variation to second order. 
B. Boundary uzyer near the wall 
Near the tube wall r = b we introduce the following new variables 
b-r 
,, = -6-, U = UX' and 
M112 
6 = ( ) 
Re (22) 
and keep the remaining ones unchanged. The boundary layer thickness 6 is assumed to be small. 
Equations (1) to ( 4) now become 
qp 1 a a 





ar +M[- var+ u0D - QT{ 0-o' +M[-v °::-v' + u0-v']} at 01'1 aiJ p ar dTf dX 




It follows from Eq. (25) that a~' - 0 (<>2) < 0 (M) and therefore the leading order, as well as 
second order pressures do not vary across the boundary layer. 
Again the dependent variables are expanded in powers of the Mach number giving 
(i) 
p = 1 +Mp1 + ... , I (i) (i) P =po +Mp1 + ... 
T= 1 +MT~i) +M2T~i) ... , U = Ucii) +MU~i) + ... , (28) 
V= vJ0 +Mv~0 + ... 
where, for simplicity, we have assumed that the temperature at the rigid wall is the ambient one. 
In Eq. (28) the superscript i denotes.the solution inside the boundary layer, or the inner solution. 
Substitution of Eq. (28) into Eqs. (23) to (26) leads to the following leading order equations. 
(29) 
(30) 
a~cii) = O=> (i) (o) Po = Po , (31) 
~r<i) = Q 0-v u) + _!_Xr<0 ot 1 Moro Pr01'12 1 ' (32) 
where, because of Ec - 0 (M2) (Eq. (7)), the viscous heating is unimportant t~ leading order in-
side the boundary layer. Further, inside the boundary layer, the dependence of the density on both 
pressure and temperature is given by the expansion ofEq. (5), 
P (i) = w· (i) - a T. TU) 1 . 0 P O 1 , (33) 
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where 'Y is the ratio of the specific heats, P the coefficient of thermal expansion and To the ambient 
temperature. This differs from the assumption made by Nyborg1, as do the preceding boundary lay-
er equations. 
The second order equations are averaged in time because we are interested in the mean mo-
tion. They are 
l._u<i) -Lv<i) = _ l._[P U) u(i)] + L[p <i) v:<i) J 
ox t o11 t ox I o o11 i o , 
= [-u<i) l._u<i) + v:<i) Lu<i)] +Pc;> o_o Ci) - P Ci) Xu<i> 
o ox o o 011 o 1 ox o 1 0112 o , 





Equation (34) indicates that the streaming inside the boundary layer is not incompressible. The last 
two terms in Eq. (35) reflect additional contributions to the streaming velocity from the variable 
density p ~ i) , its variatlon depending upon temperature field through Eq. (33). These equations may 
be compared with similar ones in Nyborg1 and Lighthill4. Equation (37) describes the mean tem-
perature change inside the boundary layer. 
C. Bounda,ry conditions 
The boundary conditions at r = b or 11 = 0 are 
u<i) = yU) = 0 and T(i) = 1. (38) 
From Eq. (28) the velocity and temperature perturbations vanish identically at the wall. Approach-
ing the core of the tube, the solutions inside and outside the boundary layer must match giving 
u<0 ➔ u(o) 
X ' 
(39) 
Moreover, symmetry conditions hold at the center of the tube 
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_Q__u (o) I = u (o) I = _Q__T(o) I = o_D (o) I = 0. 
or X r=O r r=O or r=O or r=O 
(40) 
ID. THE PROPAGATING WAVE 
A. The leading order 
Consider a harmonic wave propagating in the positive x direction. A solution (the lowest 
mode) satisfying Eq. (11) and the symmetry condition Eq. (40) is 
(41) 
where· k; . = 1 - k!, JO is the zeroth order Bessel function, a is the dimensionless amplitude of the 
acoustic wave and kx is the axial wave number. This latter wave number must be determined as 
part of the overall solution. Leading order density variation is given by Pt> = Pci°>. The velocity 
and temperature perturbations are 
(o) 1 0 (o) . 
Uxo = io°?O = akx1o (krr) exp [l (k~ - t) l, (42) 
(o) 1 0 (o) kr 
Ur0 = tofo = -a-yl1 (krr) exp [i (k~- t)]. (43) 
rt> = iPJ°> = iaJ0 (krr)exp[i(k~-t)]. (44) 
The leading order solutions inside the acoustic boundary layer are found from Eqs. {29) to (32). 
From Eq. (31) we have Pcii) = Pci°) Ir= b,.which allows us to solve Eq. (30) giving 
(i) [ i - 1 ] U0 = akx1o (krb) exp [i (k~ - t)] 1- exp ( 2112 11) , (45) 
where the no-slip condition at the tube wall has been enforced. Further, the leading order temper-
ature field is, from Eq. (32), 




Recall QIM = (c~P)IC'p andfromEq. (7)notethat QIM = (i-1) I (P01'o). The leading or-
der density variation, from Eq.(33), is 
The velocity in the radial direction, from Eq. (29), is 
, [ 1122 
i · 2 2 kx i-1 
V~) = -aiJ0 (krb) exp [i (kx-l"- t)] ( 1 -kx) 11 + i...;. 1 [ exp ( 2112 11) - 1] 
(48) 
2 112y-1 [ Pr 112 ] + (-) -. - exp((-) (i-1)11) -1 } 
Pr z-1 2 
where, using the boundary condition Eq. (38), the integration_ constant is found to be zero. 
B. Matching 
Matching at the leading order implies that 
lim U (i) _ li (o) 0 - ID UxO , 
T] ➔ oo r ➔ b 
I. T(i) 1· r<0 > Im 1 = Im 1 . 
T] ➔ oo r ➔ b 
The first and third conditions are automatically satisfied. Matching the radial velocity, in the limit 




b + ( Pr) ( y- 1) ( 1 + i) o 
k2 = 
x b-2112 c1+00 
o [ y-1] . . -kx==l+~ 1+ 112 (l+z)=l+cx.+zcx., 
























is introduced for later convenience. Note that in the limit krb « 1, the solution given by Eq. (41) 
approximates a plane wave. Because the boundary layer is assumed thin compared with the radius 
of the tube, we have a « 0 ( 1) . The dispe~ion relation Eq. (50) agrees with that given in Pierce9 
and elsewhere. The details leading to it are given in Appendix A. 
· Because B depends upon the frequency, wave propagation in a tube is dispersive, even for 
the lowest mode. Once we have the dispersion relation, one or more co~esponding model propa-
gation equations can be constructed (Pierce12). Looking for a bidirectional propagation equation, 
Eq. ( 49) is expanded and then rewritten in dimensional form giving 
( 
A )2 (2") 1/2 ,..2 Ol ,..3/2 V • "(- 1 
kx = ~ + CJ) 2 ,.. ( 1 + l) [ 1 + ---in] , 
co c0b Pr 
(52) 
where the caret denotes the dimensional quantities. To construct the appropriate model equation, 
we note that ikx <=> lx. Accordingly we propose 
a7p { (co )2 ,..3/2 (2v) 1/2 • [ r-1 J},.. - 2 + ~ .+ ro 2 .... (1 + z) 1 + --i72 P. = 0, ax co c0b Pr 
(53) 
where p is the dimensional pressure amplitude, as a model equation. It is identical to that in Pierce9 
for circular tubes without bulk dissipation. In contrast to· this work the differential equation is de-
rived in Pierce9 from a variational principle and an impedance boundary condition that models vis-
cosity and heat conduction. 
The presence of the fractional power of co makes constructing a time dependent equation 
awkward. However, a time-dependent model equation describing propagation in the positive x di-
rection and exhibiting spatial attenuation .is, in dimensionless form, 
(54) 
where the real constants qi, q2, namely; 
1+2a a 
ql = 1 +3a' q2 = 1 + 3a· · (55) 
are calculated so as to reproduce the dispersion relation Eq. (50). Note that terms of o (a) have 
been neglected. Not surprisingly, this is a linearized Burgers' equation. 
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Continuing with the small kb approximation, the solutions in the core region are 
Pci°) = aexp (-ax) [ ( 1 + a;2 )cos<j>-½ar2sin<j>] = p~o), 
u;i) = aexp (-ax) [ (1 +a+; r2) cosq>- a (1 +;)sin<!>] , 
u;g) = araexp (-ax) [cos<!>+ sin<j>], 
(o) r- 1 .[ 2 1 2 . ] T1 = -,..-aexp (-ax) (1 + ar ) cosq,- 2ar smq> , 
f31'o 
(56) 
where <I>= ( 1 + a) x - t and the terms of o ( a) are ignored. The leading order acoustic wave in 
the x direction is a plane wave and the variation in the radial direction takes place only on the order 
of O (a) - 0 (olb). 
C. The second order 
Equation (14) is first averaged in time and then integrated to give 
(57) 
Accordingly, the mean pressure associated with the inviscid wavefield is negligible and hence gen-
erates no streaming. That is 
-(o) -(o) O 
uxl = urI = (58) 
Streaming flow in the core region is governed by Eqs. (19) and (20). The boundary conditions 
are given by the second order boundary layer solutions. In the boundary layer, 
Jtt) = Jfii) = 0 so that Eq. (35) can be solved with the following 
(59) 
The streaming velocity in the axial direction inside the boundary layer is then found to be 
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- (i) a2 -2ax y- 1 [ · Tl . Tl ] 112 U1 = 4 e {(1+~) 2exp(- 112 )sm l/2 + [exp(-2 Tt)-1] 
Pr 2 2 
2 (y-1) [ ( 
(l+Pr) I-exp 
1 + Pr112 ) ( 1 - Pr112 1 . 1 - Pr112 ) ] 
112 Tl cos 112 Tl -~ sm 112 Tl 
2 2 Pr . 2 
+2[1- cos~exp(-~)] 
2112 2112 
2 (y-1) [. · Pr 112 Pr 112 ] 
+ Pr 1 - exp ( - ( 2 ) Tt) cos (( 2 ) Tt) } 
+ 2 -2ax Tl . Tl y- 1 1 1/2 a.a e {exp (- 112) sm 112 (1- 112 ) +-2 [exp (-2 Tt) -1] 
2 2 2Pr (60) 
+ [1 - cos-2!._exp (-~)] ( y- l - 21/2) + 21121'} cos~exp (-~) 
2112 21/2 (2Pr) 112 2112 2112 
( 
112) 1/2 1 l+Pr . 1-Pr y- 112 -112 
+ exp l/2 Tl sm 112 Tl [ . 2] (Pr + Pr - 1-Pr) 
2 · 2 2(1 +Pr) 
( ( . 112) 112) 1 
1 +Pr 1-Pr y- 1/2 -1/2 
+ exp l/2 Tl cos 112 Tl - 1 [ 2] ( 1 +Pr+ Pr + Pr ) 
. · 2 2 2 (1 +Pr) 
y- 1 [ ( Pr 112 ) ( Pr 112 • Pr l/2 ) ] --- exp '--- Tl cos- Tl+ sm- Tl -1 } 
4Pr 2112 2112 21/2 
where again, terms of O ( a.2) have been neglected. The details of this calcul~on is given in Ap:-
pendix B. Note that in the limit a ➔ 0 that the leading order streaming velocity is identical to the 
one for a plane travelling wave near a plane rigid boundary2. The following limit can be found 
when the boundary layer solutions approach the core region, namely, 
2 ~ . 
. -(i) _ a 2(y-1) [1 +2 ] -2ax _ -(v) I 
11~00U1 -4{1+Pr(l+Pr)-4a 2 +F(y,Pr) }e -ux r=b· (61) 
The function F ('Y, Pr) is given by 
F(y,Pr)= y-l 2 (1+Pr+Pr112 +Pr-1/2)- y-l 
2 (1 + Pr) (2Pr) 112 
y-1 
---4Pr· (62) 
If the heat conduction and compressibility effects were neglected inside the boundary layer, the 
limiting streaming velocity would be equal to (a2 / 4) e - 2ax instead of Eq. (61) (Nyborg1). Hence 
the importance of the heat conduction and compressibility effects are shown by the difference, 
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[ u ~ i) ia.x ] 2 < r- 1 > [ 1 + 2312 · ] As a414 -1 = Pr(l+Pr) -4a 2 +F(r,Pr) . 
In Table 1, this difference is estimated for three fluids and two values of a (Eq. 51). 
Table.I 
10 
Air Water Mercury 
Pr= 0.7 Pr=1.0 Pr= 0.028 
'Y=l.4 r= 1.001 'Y = 1.13 A 
0.1 -0.019 -0.765 8.775 
0.01 0;59 -0.076 9.01 
Clearly, the effect is most evident for mercury because of its corresponding low Prandtl number. 
Although the results are presented· only for three fluids, the trend of variation with Prandtl number 
and ratio of specific heats can be seen. 
Equation (61) provides one of the boundary conditions needed to solve Eq. (19). The others 
are the symmetry and far field conditions, namely, 
(63) 
-cv>i -2a.x Because ux r = b ~ e (Eq. (61)), we assume 
d <v> G -2a.x a',!' = e ' 
-(v) _ H -2a.x 
ux - e , (64) 
where G (r) and H (r) are to be determined. The second of Eq. (63) is automatically satisfied. 





where H 1, H2 are constants. Note that - 2 - 0 ( a ) so that this term has been neglected when ax 
solving for H (r). Because the leading axial term is almost a plane wave solution, it suffices to 
take G as a constant in order to satisfy the matching and mass flux conditions. Using the first con-
dition in Eq. (63), H 1 can be eliminated to give 
(66) 
From Eq. (61) 
(67) 
For a long tube, global mass conservation and the exponential decay of the solution implies that 
the time averaged mass flux vanishes at any given cross-section. Recalling Eqs. (10) and (58), this 
gives 
b b· 
f [pux] rdr = Mf [u?) + j5~0 ) ii;~)] rdr = O. (68) 
0 0 
Substituting Eqs. (56) and (66) into the above, we obtain 
(69) 
Therefore 
_ 2a2 [ 2 ( y- 1) 1 + 2312 · b2 ] 
G - b2 3 + Pr (I+ Pr) -4a ( 2 + F (y, Pr)) + a (2 + 2 ) 
a2 [ 2 ( y- 1) 1 + 2312 ] • 
Hz =-4 5+ Pr(I +Pr) -4a( 2 +F(y,Pr)) +a(4+b2) 
(70) 
INSERT FIG. 1. 
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Because a. « 0 ( 1) , we see that G > 0 and H 2 < 0. Consequently, the streaming velocity in 
the core region_ is negative near the tube axis and positive near the wall. The streaming velocity in 
the boundary layer is shown in Fig.la and the streaming velocity in the core region in Fig. lb. By 
enforcing Eq. (61), these two velocity profiles match with each other. These two curves are for wa-
ter (Pr= 7.0, Y = 1.001) and air (Pr= 0.7, y = 1.4), respectively. However, recall that we have 
not included a dependence of viscosity on temperature so that our results are more accurate for wa-
ter. Nevertheless the two curves indicate how the streaming velocity is affected by compressibility 
and heat conduction. If the effect of the compressibility and heat conduction were neglected, the 
streaming pattern would be independent of the fluid properties inside a tube. Also, note that the 
streaming velocity approaches a Hmit different from that for a plane rigid boundary2 because of the 
attenuation of the leading order acoustic wave and because of enforcing mass conservation in the 
tube. 
Th . 1 . . h d"ald" . . allbe a (v) 0 C e streannng ve oc1ty m t e ra 1 1rect1on 1s very sm cause a ,P _ = . onsequent-
ly, we shall not consider the radial streaming velocity further. 
A second order mean temperature distribution can also be found. Firstly, a mean temperature 
distribution is found in the boundary layer near the wall. The details are given in Appendix C. Its 
limiting value is 
( ·) (v 1 ) Pr ( 1 + a.Prl./2 + 2a.) Prl./2 ( 1 + a.) Ii -T i _ 2 -2a.x 1 - p { m 2 -ae -- r 
11 ➔ 00 ~To (I+Pr) 2 (I+Pr) 2 
[
0.5 + a. a. 1 + a. y- 1 ] 1 + 2a. y-1 } 
+ ---+--(--+--) +-----
Pr Pr1/2 2 Prl./2 4~To 2Prl./2 
(71) 
- -(0) -(v) 
In the core region, the mean second order temperature field is given by T2 = T2 + T (Eq. 
-(0 -(0 
(10)). The equation for T is Eq. (21). However, it suffices to set T = 0 because the only 
matching condition, 
·1· T-(i) = Im 2 
Tl ➔ oo 
(72) 
• fi d b T- ( O) al Th" . bl be th • 1 . - ( V) • • d can be sat1s 1e y 2 one. 1s 1s reasona e cause e streannng ve oc1ty ui 1s associate 
only with the vorticity and should not cause a temperature variation. The second order mean tem-















-(O) a2 -2cu('Y-l)['Y-1 ] 2 T2 = 4 e --:::-:--- --:::-:-- - 1 (1 + ar ) + C0, 
_ f3To f3To 
(73) 
where Eq. (7) has been used. The integration constant C0 is determined from Eq. (72). Combining 
Eqs. (71), (72) and (73) gives the mean temperature distribution in the core, namely, 
T2 = a e -- Pr -.------
-(o) 2 -2cu('Y-1) { Pr(I+aPrV2+2a) Pr1il(I+a) 
- ~to (I+Pr) 2 (I+Pr) 2 
_ . - . (74) 
[ 0.5 + a a ( 1 + a y- 1 ) ] 1 + 2a. y- 1 _ (y- 1 1) a 2 -b2) -} + --+-- --+-- +-------c-+ --- -(r -
Pr Prl/2 2 _ Prl/2 4~t0 2PrV2 ~t0 4Pr · 
Clearly, the temperature variation in the radial direction is on the order of O(a.) = 0 (6/b). 
INSERT FIG. 2 
, The mean temperature in the boundary layer is shown in Fig. 2, where the same numerical 
values for water and air are used. Because a is small, the temperature "ariation in the core region 
is slight and on the scale used it can be regarded as constant, determined by the corresponding value 
in the boundary layer. The mean temperature variation in the boundary layer is controlled primarily 
by the viscous heating, the density variation and the convective heat transfer. 
V. CONCLUSIONS 
A consistent analysis of the acoustic streaming inside a circular tube has been presented for 
a propagating plane wave. The streaming velocity in the axial direction is found- to depend on the 
compressibility of the fluid through Prandtl number Pr and the ratio of the specific heats y. It is 
described by 
2~ 3/2 . 
-(v) a e [ 2 (y-1) 1 + 2 · 2 ] 
ux = 4 5+ Pr(I+Pr) -4a( 2 +F(y,Pr)) +a(4+b) 
-2ax ' 
a2 e r 2 [ 2 ( y- 1) 1 + 2312 _ _ b2 ] 
+ 2 (b) 3+ Pr(I+Pr) -4a( 2 +F(y,Pr)) +a.(2+2) 
(75) 
where F ('Y, Pr) is defined in Eq. (62) and a - 0 ( 6/b) « 0 ( 1) . 
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By imposing the zero mass flux condition, we found that, for an acoustic wave that fills the 
tube, the maximum streaming velocity is at the axis of the tube but in the opposite direction to the 
propagation direction. Near the tube wall, the streaming velocity is in the direction of propagation 
and is dominated by the boundary layer. While compressibility and heat conduction are accounted 
for in the streaming velocities the effects are small for common liquids, moderate for gases, and 
most significant for liquid metals such as mercury. 
Furthermore, a second order mean temperature field was found. The second order boundary 
layer equation gives a mean temperature change in the boundary layer and it in tum determines the 
second order temperature solution in the core region. This latter solution is 
. 1/2 Ia 
-(o) 2 -2ax('Y-1) Pr(I+aPr +2a) Pr (l+a) 
T2 =a e -- Pr{ 
~To (1 +Pr) 2 (1 +Pr) 2 
. . . (76) 
[ 0.5 + a a 1 + a r-1 ] 1 + 2a r-1 (r-1 ) a 2 2 + --+--(--+--) +-----+ --1 -(r -b)} 
Pr Prl/2 2 Prl/2 4Af. 2Prl/2 Rf. 4Pr . P O P 0 
Lastly, we have recovered the dispersion relation for a plane wave propagating in a wide tube 
and undergoing attenuation from the effects of viscosity and heat conduction at the wall. From this 
dispersion relation we recovered a bidirectional time-harmonic propagation equation and a unidi-
rectional time-dependent one. 
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APPENDIX A. DERIVATION OF EQ. (50) 
To complete the matching between the boundary layer solution and solution in the core re-
gion, the intermediate variable 
b-r · 
~ = -- 1 >U>O o'O , 
is introduced. Clearly, in the limit as o ➔ 0 while keeping ~ fixed we have 
(Al) 
(A2) 
Substituting Eq. (Al) into Eqs. (45), (46), (48) and Eqs. (42), (43), (44), we find that the tem-
perature and velocity in the axial direction are automatically matched. The matching of velocity 
component in the radial direction, as o ➔ 0, gives 
-oJ O ( krb) k;i (1 ~) i (k;x- t) 
2-
➔ u;g) = -i [11 (krb) +11' (krb) (-kr~ou)] i<k_.x-t) 
The leading order matching leads to, 
. (A3) 
(A4) 
Equation (A4) can be solved, using the relation k; = 1 - k;, to give kx· The case of interest is the 
limit krb « 1 . Upon expanding the Bessel functions in this limit, we obtain Eq. (50). Furthermore, 
it can be verified from Eqs. (A4) and (A5) that kr - 0 ( ol./2) and hence the terms associated with 
k; Ou - o1 + u are indeed of higher order in the limit 8 ➔ 0. Complete matching of higher order so-





APPENDIX B. DERIVATION OF EQ. (60) 
Equation (35) can be solved because the pressure gradient is negligible. With the leading or-
der boundary layer solutions given by Eqs. (45)-( 48), we find 
(Bl) 
p 112 
y-1 -(..!:) 11[ l-Pr1/2 1-P 1/2 ] 
---1/2-e 2 ( 1 + ex) cos · · 1/2 11 - ex sin ~ Tl . 
(2Pr) . · 2 2 
(B2) 
. y-1 [ Pr1/2 Prl/2 ] ) 
+ 1/2 ( 1 + ex) cos 11211 - ex sin---v:r 11 
(~~ 2 2 
[ 
Pr 112 /2 
i o a2 -2ax -(-) 11 Pr 1 
p} > J"jlci > = - 2 e ex+ ("(-:-- 1) e . 2 ex cos ( 21/2 11) 
(B3) 
( p 1/2 ) -(1 + ex) sin 2~ 11 } 
11 
2 2 -2ax--
(i) a (i) a 2112 [ 11 . 11 -p 1 -U0 = -e ex cos-+ ( 1 + ex) sm-chi2 2 - 21/2 · 21/2 
-~( 1/2 1/2 )] 112 1-Pr 1-Pr + (y-1) e 2 ex cos 21/2 11 + ( 1 + ex) sin _ 21/2 11 
(B4) 
Adding Eqs. (Bl) through (B4) and integrating the resulting equation twice with the following con-
ditions 
(BS) 
we obtain Eq. (60). 
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APPENDIX C. DERIVATION OF EQ. (71) 
The mean temperature distribution in the boundary layer can be found from Eq. (37) because 
all the leading order solutions are now known. In fact, we have 
U(i) ~ (T(i) - Q p U>) - v.<i) ~ (TU> - Q p (i)) = 
o ox 1 M o o o11 1 M o 
-2cxx-tr)
112
11Q [ [ (Pr 112 .) -tr>
11
\ I-Pr112 ] 
-a2e 2 M (0.5 + a) cos 2112 11 - e 2 cos 2112 11 
( 
Tl J (Cl) 
Pr112 -""vi [ 1 - Pr112 1 - Pr112 ] - 2 e· 2 -1 (1 + 2a) cos 2112 11-2asin 2112 11 
p 112 ( p 112 J 1 I [-tr) 11211 ( p 112 J] l - (2a11) (~) cos _!_ 11 -:- - e 2 - cos _!_ 11 
2 21:'2 (2Pr) 112 2112 
_!_ U) a2T(i) = _Q 2 -2cxx-211211 ·n[ (Pr) 112 n] (C3) 
PrP1 dll2 1 Ma e s1 2 ., . 
Adding Eqs. (Cl) through (C3) and integrating the resulting equation twice we find 
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1 (( 
1 +:112 Tl 1 -Prl/2 )· 1 Tii) = a2e-2axPr(~~o) 1-e 2 cos---1'1 
..,1, '21/2 (1 +Pr) 2 
1/2 1/2 . ( _Pr;: Tl Prl/2 ) 
x[-(1+2a)(Pr +Pr)+aPr (I-Pr)]+ 1-e 2 cos~ri 
1 +Pr112 
[ 
0.5 + a a 1 + a y-1 ] 2112 Tl • 1-Prl/2 
x ( Pr ) + Prl.2 (-2- + Prl/2) - e sm 21/2 11 
(C4) 
x l 2[ (1-Pr) (0.5+a) +p~/2 (I-Pr) +a(2Pr) 112] 
(1 +Pr) 
where the following conditions have been applied, 
~<i) a -<i) 
T 1 = 0 at 1l = 0 and ari T 1 ➔ 0 as 1l ➔ 00 • (C5) 
Equation (71) is obtained by taking the limit 1l ➔ 00 • 
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FIGURE CAPTIONS 
Figure 1. The streaming velocities: (a) in the boundary layer and (b).in the core. Air corresponds 
to Pr = 0.1, ~To = 1 and water corresponds to Pr = 1.0, ~To = 0.0258. 
The dimensionless tube radius b = 0.5 and the small parameter a = 0.1. 
Figure 2. The mean temperature variation in the boundary layer. The numerical values of the pa-
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